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Abstract  An arbitrary starting variable dimension algorithm is developed
for computing an integer point of a polytope, P = {x | Ax < b}, which satisfies that
each row of A has at most one positive entry. The algorithm is derived from an
integer labelling rule and a triangulation of the space. It consists of two phases, one
of which forms a variable dimension algorithm and the other a full-dimensional piv-
oting procedure. Starting at an arbitrary integer point, the algorithm interchanges
from one phase to the other, if necessary, and follows a finite simplicial path that
either leads to an integer point of the polytope or proves that no such point exists.
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1 Introduction

The problem we consider in this paper is find an integer point of a polytope
given by

P={xe€R"| Az < b}, (1)
where
a1 a2 -+ Qln
@21 a2z -+ A2n
A=
am1 Am2 0 Amn
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satisfies that each row has at most one positive entry, and b = (by,bo, - -, bm)—r
The problem is very general though it looks special. In fact, if A is an arbitrary
integer (n + 1) x n matrix satisfying that there is a positive vector p such that
p' A =0 and that any n x n submatrix of A is nonsingular, a procedure given in
[19] shows that applying the following three elementary column operations to A,

1. interchange two columns,
2. multiply a column by —1,

3. add any integer times a column to another column,

one can transform A into a matrix such that each row has at most one positive
entry. There seems no way to transform with a unimodular matrix an arbitrary
m X n integer matrix into a matrix having at most one positive entry in each row,
however, finding an integer point of a polytope can be reduced to finding an integer
point of a simplex through applying aggregation techniques ([28]). The problem
in general is an NP-hard problem though, for a special case, a polynomial-time
algorithm has been developed in [24].

Simplicial methods were originated by Scarf in [20] for computing fixed points of
a continuous mapping. After Scarf’s work some substantial developments based on
simplicial subdivisions were made (e.g., [1], [2], [3], [9], [10], [11], [12], [14], [15], [16],
[17], [18], [20], [21], [25], [26], etc. For a general polytope, by applying primitive
sets, Scarf defines in [22] and [23] a path that either leads to an integer point of
the polytope or proves that no such point exists. After Scarf’s development, the
question whether it is possible to find an integer point of a simplex with a simplicial
approach was raised. A few attempts were made in [4], [5] and [27]. A positive
answer was completely realized by us in [6] only after Scarf brought our attention
to Pnueli’s work [19] during our visit to Yale in 1994 and we observed a beautiful
property given in Lemma 1 of [6]. After this work, some significant improvements
were made in [7] and [8].

In this paper we develop an arbitrary starting variable dimension algorithm for
computing an integer point of (1). It is derived from an elegant integer labelling
rule and a triangulation of the space. The algorithm is composed of two phases,
one of which forms a variable dimension algorithm and the other a full-dimensional
pivoting procedure. The algorithm starts at an arbitrary integer point, interchanges
from one phase to the other, and follows a finite simplicial path that either leads to
an integer point of the polytope or proves that no such point exists within a finite
number of iterations. Numerical results show that the algorithm is very efficient.

The rest of this paper is organized as follows. In Section 2, we introduce the
integer labelling rule. In Section 3, we describe the algorithm and prove its con-
vergence.

2 Integer Labelling

Let a; denote the ith row of A for i = 1,2,...,m. Let M = {1,2,---,m},N =
{1,2,--+,n}, and Ny = {1,2,...,n+ 1}. We assume that P is bounded and has
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an interior point. As a direct consequence of the assumption, one can easily obtain
the following lemma.

Lemma 1.

o For any nonzero vector ¢ € R™, there are i and j satisfying that a; € < 0 and
0<al€.
J

e There is a vector p = (p1,pa,...,pm) >0 satisfying p" A = 0.

Let 7 = (1,72,...,7,) " be an arbitrary integer point of R™, which will be
the starting point of the algorithm. For j = 1,2,...,n, let u/ denote the jth unit
vector of R". Let e = (1,1,...,1)T and h(n + 1) = e. For j = 1,2,...,n, let
h(j) = —u’. For any proper subset K C N, let

G, K)={n+>_ Nh()|0< ), je K}
JEK
Clearly, Ujen,G(n, No\{j}) = R", and for any two subsets K1 C Ny and Ko C Ny,
the intersection of G(n, K1) and G(n, K2), G(n, K1) N G(n, K2), is a common face
of both of them. Thus, {G(n, K) | K C Ny} forms a partition of R".

To implement the algorithm, we need a triangulation of R™ that subdivides
every integer unit cube of R™ into integer simplices, and G(n, K) into integer sim-
plices for any subset K C Ny. Here, an integer unit cube is a unit cube having only
integer vertices and an integer simplex is a simplex having only integer vertices.
There are several triangulations of R™ suitable for this purpose, which include the
K;-triangulation in [13], the Ji-triangulation in [25], a modification of the Dj-
triangulation in [3], etc. A specific choice of the triangulation plays however no
dominant role at all in this paper though efficiency of the algorithm may depends
on the underlying triangulation. For simplicity, we choose the K-triangulation as
an underlying triangulation of the algorithm. For completeness of the algorithm,
we introduce the K;i-triangulation here.

A simplex of the K-triangulation of R™ is the convex hull of n + 1 vectors, y°,
y', ..., y", given by 4 = y and y* = ¥ + ¥k =1,2,... n, where y is
an integer point of R™ and 7 = (7(1),7(2),...,7(n)) a permutation of elements of
N ={1,2,...,n}. Let K; be the set of all such simplices. Since a simplex of the
K;-triangulation is uniquely determined by y and 7, we use K;(y, 7) to denote it.

We say that two simplices of K7 are adjacent if they have a common facet. We
show how to generate all the adjacent simplices of a simplex of the K;-triangulation
of R™ in the following. For a given simplex o = K (y, 7) with vertices 3°, y', ...,
y", its adjacent simplex opposite to a vertex, say y', is given by K (¥, 7), where j
and 7 are generated in the following table.

Pivot Rules of the K;-Triangulation

i 7 T

0 y+u™D | (7(2),...,7(n), (1
l<i<n|y (w(1),...,w(i + 1), m(i),
n y—u™™ | (x(n),w(1),...,7(n —

~—
~—

A
3
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Let K1 be the set of faces of simplices of K;. A ¢-dimensional simplex of Ky
with vertices y°, y!, ..., y? is denoted by < 3%, y',...,y? >. The restriction of Ky
on G(n, K) for any subset K C Ny is given by

Ki|G(n,K) ={0c € K1 | o C G(n,K) and dim(c) = |K|},

where | - | denotes the cardinality of a set and dim(-) the dimension of a set.
Obviously, K1|G(n, K) is a triangulation of G(n, K).

For o € K4, let grid(o) = max{||xr — y|| | * € 0 and y € o}, where || - | denotes
the infinity norm. We define mesh(K1) = max,ci, grid(o). Then it is clear that
mesh(K;) = 1.

For x € R", let

0eR" ifx € P,
flx) =

.
a; r—b; } .
ZjeJ(m) “aTa a; ifx¢P,

J

where J(z) = {j € M | a]x —b; > 0}. From the definition of f(z), one can see

that .
%5 bj
fa)= (Y Ziyp- ¥ i,

a. aj; a. a;
jed(z) I jeJ(x) 17

Clearly, f : R — R™ is a continuous piece-wise linear mapping, which is composed
of a finite number of affinely linear pieces since there can be only a finite number
of different J(x)’s. Therefore, there exists some L > 0 such that

1f(x) = F)ll < Lllz =yl

for any x and y of R™.
(x=z*)7 f(x)

Tl — 00 as ||z|]| — oc.

Lemma 2. For any given z* € R",

Proof. Let 2° be any given point of P. Since P is bounded, there is a ball B(z°,r)
containing P strictly. Let S(x°,7) be the sphere of the ball. Then, for any = ¢
B(2°,7), there exists some point y € S(z%,r) and some number p > 1 satisfying
that z = 2° + p(y — 2%). Thus, for any k,

alaz— b
= a) (2% +p(y — %)) — bi

plagy —br) + (p— 1)(br — a] 2°)

> plagy—br)

since by > a,;'—xo and p > 1. Therefore, if k € J(y), then a,;'—:n — by, approaches
infinity as p — oo since a)y — by > 0. Observe that J(y) is not empty for any
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y € S(zY,r) and that, for any z ¢ P with x # 0,

(@=z")fx) _ aj 2=b; AT g,
Tl =2jes() afajuzu (z—2%) a;

(a] 2—b;)* (aj z=b;)(bj—aj z")

= 2jes@) “ara el T 2ied@) ) ajlal

Thus, % — 00 as ||z]|| — oo. The lemma follows. O

Applying f(z), we obtain the following integer labelling rule for assigning an
integer to each point of R™ in the algorithm.

Definition 1. For x € R"™, we assign to x an integer l(x) given by l(x) = 0 if
f(z) =0, and

max{k | fx(x) = maxi<j<n f;(x)} if f;j(x) >0 for some j € N,
lz) =
n+1 if f(z) <0 and f(z) #0.

Based on this definition, the next definition gives us a few notations that will
be used in our further developments.

Definition 2.

o A g-dimensional simplex o =< y°,y*,...,y? > of K1 is complete if (y') #
I(y?) for0<i<j<gq, andl(y*) #0, k=0,1,...,q.

e A g-dimensional simplex o =< YOyt ..yl > of Ky is 0-complete if 1(y?) #
I(y?) for 0 <i < j <gq, and there is some k satisfying that [(y*) = 0.

o A g-dimensional simpler o =< y°,y*,...,y? > of K1 is almost complete if
labels of q + 1 vertices of o consist of q different nonzero integers.

From Definition 2, it is easy to see that an almost complete simplex has exactly
two complete facets.

Let S be a subset of R™. For any given x € R"™, the distance between x and S
is given by d(z, S) = sup,¢g ||z — y[|. For any two subsets of R", S and T', and any
nonnegative scalar 4, let

A(S,T,8) = {z € T | d(z,8) < 5}.

Theorem 1. There exists a positive scalar & satisfying that all the complete n-
dimensional simplices of K1 are contained in A(x°, R™,§), where 2° is any given
point of P.

Proof. Let 0 =< y°,y',---,y™ > be any complete n-dimensional simplex of K;.
Without loss of generality, we assume [(y°) = n+1 and [(y?) =4,i =1,2,---,n. Let
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x be an arbitrary point of o. Note that f;(y*) > 0 and fi(y°) <0,i=1,2,---,n.
Then, fori=1,2,---,n,

fiz) = filz) = f;(¥") + fi(¥") = fi(x) = fily") = —Lllz —y'|| > —L
and
file) = filx) = £:(y°) + fi(y°) < file) = fi(y®) < Lllz = 4°| < L
since mesh(/(;) = 1. Thus,
—L< filx)<L,i=1,2,--- n. (2)

Therefore,

Lf (@)l < L.

This implies that any complete n-dimensional simplex is contained in
We=A{z||f(@) < L}.

From (2), we obtain that, for any « € W,
=Lz <z fi(x) < Ll

fori=1,2,---,n. Thus, for any z € W,

LY el <2 f@) < LY .
=1 =1

Therefore, for any x € W,

< a' f(z) <L, (3)
[E4IFt

where |z|; = >, |#;]. Combining Lemma 2 and (3) together, one can see that

W, is bounded. The theorem follows. O
Lemma 3. Let
qi1 qi2 - (qin
g21 Q22 - (Q2on
Q= . .
dnl 4n2 *°° Q4nn

be a matriz such that ¢;; < 0 for any i # j and ¢;; > 0, i = 1,2,---,n. If there
is some p = (p1,p2, -+, pn) " > 0 satisfying that p'Q > 0, then Q is nonsingular
and Q=1 > 0.

Proof. We prove the lemma by the mathematical induction.

1. When n =1, Q = (q11). Since g11 > 0, hence, Q is nonsingular and Q~! =
(1/g11) > 0. The lemma is true.
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2. Assume that the lemma is true for n = m — 1. Consider n = m. Let

1
—q1/qu1 1
U= .
—gn1/q11 1
and
1 —qio/qun -+ —qin/qu
1
W p—
1
The inverse matrix of U is given by
1
-1 q1/q1 1
qn1/qn 1

Note that —g;1/q11 > 0 and —qq;/q11 > 0, ¢ = 2,3,---,n. Multiplying U to
the left side of (), we obtain

q11 qi12 T qin
921912 92141
0 qa2— 50 Tt Qe — T
UvQ =
_ 9n1412 e _ 9nidin
0 dn2 qi1 dnn q11

Clearly, all the entries of UQ except its diagonal entries are non-positive.
Multiplying p to U~!, we obtain

- — qi1pi
pPIUT = (oY = p2 - n)
=g q11
From 0 < g1; and 0 < p'Q = (p" U~1)(UQ), we derive that
- di1pi
+>» —>0
& ; qi1

and all the diagonal entries of UQ are positive. Let p = (pa2,--+,pn). By
deleting the first row and the first column of UQ, we obtain an (m—1)x(m—1)

matrix,
921912 92141
922 — q11 92n — Q11n
dni1qi12 dniqin
dn2 == dnn — e

q11 q11
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Since 0 < p,0< p'Q, and Q is an (m — 1) x (m — 1) matrix, it follows from
the hypothesis that @ is nonsingular and Q' > 0. Multiplying W to the
right side of UQ, we obtain

UQwW = ( “es )
Thus, @ is nonsingular and
Ql=w ( s 2, ) v.

Therefore, Q' > 0 since g11 > 0, Q7' >0, U > 0, and W > 0. The lemma

follows.
O

As a corollary of Lemma 3, we obtain the following result.
Corollary 1. For any xz € R", if 0 < f(z), then 0 < x — 2° for any 2° € P.

Proof. Let Ji(z) = {j € J(z) | aj; > 0}, i = 1,2,---,n, and Jo41(x) = {j €
J(z) | aj < 0}. Then, Ji(z), Ja(x), -+, Jot1(x) forms a partition of J(z). Since
f(z) >0, hence, J;(z) #0,i=1,2,---,n. Let

(aj x —bj)?
)= ) e
Jj€Ji(x) 3

) Q;
JEJTn1(x) J
hence,

T
bj a

.
a. T— S x—bj

_ ik Ehadiind' Ry pp— ik Bhadiid Ry S J .

0< f(#) = Xjeri@ ala; aj = i) afa; Y 2 je (@) ala; Y

aTw—b'
g J
. aj
= i —L‘T%bja-—zn Zero D Jr'(m)
= =1 2uj€ti(w) "ala; 9T Lui=1 ri(z) v

= Y a(@)ri(z) = Al@)r(z).
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Note that each row and each column of A(z) have exactly one positive entry.
According to Lemma 3, A(z) is nonsingular and A(x)~! > 0. From the definition

of r(z), we obtain that

T

a; x—b; T T
Zjejl(z) ZTa].] (aj ('T - :L,O) + a; ZEO - bj)
J
aje=b; T 0 TO b
T(Z’) = ZjGJz(z) ajTaj (aj (l’ -z )+aJ = -7)
al 2—b;
et e (0 (@ = a%) 4 aj2® = b))
J
aTrc—bj T aTac—b] T 0
ZjeJl(z) —ZJT%. a; Zje]l(z) ;—;aj (aj z” —bj)
aTszj T aTszj T o
= 2 jer) o, % | (2 —a®) + 2 jer) aTa; (a5 2" — b))
J J
aTa:—bj T aTac—bj T 0
Zje.]n(z) Ja]Taj a; Zje]n(z) ;,T_aj (a; 2 = bj)
Let -
a; x—b; T 0
ZjeJl(m) —Jajraj (aj 2° —bj)
aTw—bj T_..0
s(20) = EjeJQ(x) JaJTa_j ((lj x? — b;)
aJo=bs T o
> e (@) e (a)2° —bj)
Then, s(2°) < 0 since 2° € P. Thus,
a;z—b_i T
Zj€J1($) ala; a;
aTac—bj T
0 <r(z) —s(z®) = i (o) JaJTaj a; (z — %)
Z a;rszj aT
JE€EJIn () a;raj J
Let
r1(x)
ra(x)

Tn (x)
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Then,
a; x—b; T
2 jen (@) ala; %
_ T a; x—b; T
R@)A@)" = | Zienw ~aa Y
a; z—b
i€ (a) ’ajTaj]ajT
Therefore,
aT:chbJ T -1
ZgEJl(z) ;raJ aj;
aTmfbj T
r—a° = 2 jeds(a) ala; % (r(x) — s(z%))
a; z—b; T
ZJEJn(OL‘) a;ra] a]
= (A@@) ) R(@) " (r(z) — s(2%)) > 0
since A(x)~! > 0. The corollary follows. (]

Lemma 4. For any 2° € P, C(2°) = R"\{z € R" | 2° < x} contains at most
a finite number of almost complete n-dimensional simplices carrying only integer
labels in N.

Proof. Let 0 =< y°,y',---,y™ > be any almost complete n-dimensional simplex
of K; carrying only integer labels in V. Without loss of generality, we assume that
I(y°) = k and I(y*) =i, i = 1,2,---,n, and that fr(y°) < fi(y"), i = 1,2,---,n.
Note that fi(y°) > 0 and f;(y*) > 0,i=1,2,---,n. Let x be an arbitrary point of
o. Then, fori =1,2,---,n,

file) = fr(y°) = fil@) = fiy") + Fi(y") = f(4°) > filz) = fi(y") > —Ll|lz—y'|| > —L
and
file) = fu(@®) = filz) = fi6°) + fi(y°) = fu(¥°) < file) = fi(y°) < Lz —3°| < L
since fi(y") = fe(y°) > 0, fi(y°) — fu(y") <0, and mesh(K;) = 1. Thus,

—L < fi(a) = fuy®) <L, i=1,2,- 0. (4)

Therefore,

I1£(z) = fu(y”)ell < L.
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This implies that any almost complete n-dimensional simplex carrying only integer
labels in NV is contained in

Weo = {z | ||f(z) — pe| < L for some p > 0}.

Let z be any point of R™ satisfying f(x) = pe > 0. From Corollary 1, we
know that 2 > 20. Thus, ajTJ: < aijo < b; for any a; < 0. Let Ji(z) = {j €
J(z) | aji >0}, i=1,2,---,n. Then, Ji(z), Jo(z), ---, Jo(z) forms a partition of
J(x). Since f(z) > 0, hence, J;(z) #0,i=1,2,---,n. Fori=1,2,---,n, let j; be
any given index of J;(x) satisfying a;';x —bj, = minje 5, (2 a;-'—x —b; . Clearly, for

any j € Ji(x), there exists r; > 1 satisfying a;'—m —bj=r; (a;-';m —bj,). Thus,

alz—b, 7 T
Z ]Tijaj = Z aTj ‘aj(a;':x_bji) :( Z TJ _aj)(a;x_bji)-

a. a; - Qa a. a
j€di(x) I j€Ji(x) I j€i(z) I

Let dj, = > e () %aj and D = (dj,,d;,,--+,d;,)". Note that each row and

each column of D have exactly one positive entry. From Lemma 3, we know that
D is nonsingular and D~! > 0. From f(z) = pue > 0, we get that
T bj

a; T—
0 < pe= ZjeJ(l_) —;a;a‘ aj

J

-
a; r—b;

_ n J .
= Zi:leeJi(w) ala; a;

= YL e Tz —by)

— T . Toe—b: i al 2—b: )T
= D(aj,x—bj,a;,x—bj,, -, a; x—bj,)
Therefore,
T T T T -1
(ajz—bj,a,z—bj,, - ,a; x—0bj) =puD "e>0

since D=1 > 0. Let AT = (aj,,aj,, -+, a;,) and b= (bj,,bj,, -+, b;.)". Then,

i T _ T T T T
Ar — b= (ajla:— bjy,a;,T — ij,---,ajnx—bjn) .

Thus, - -
Az =puD e +b.
Since each row and each column of fi have exactly one positive entry, from Lemma 3,
we obtain that A is nonsingular, A=! >0, and A~'D~!e > 0. Therefore,
z=pA'D e + A0 (5)

Let T' = {x | f(x) = pe, p > 0}, and T'(p) = {x | f(z) = pe} for any given
p > 0. Note that I' = U,oI'(1). From (5), it is clear that I'(u) contains a finite
number of points for any given p > 0. Let € be a given positive number such that

{zlllz—zll<efnfzllly—zll <e} =0
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for any « and y of T'(u) with 2 # y. For any given p > 0, let

Wa(p) = {z [ |[f(z) — pe| < L}.

Then,
Wa = UO<#Wa (,U')

Let
Wa(p, €) = Wa(u)\(Uzern{z | Iz — zl| <e}).

Then, for any y € Wy(p,€) and « € I'(u), there exists some positive number v,
satisfying
1 () = F@) = velly — ],

where
ve = argmin{v | || f(y) — f(z)|| = v|lz — yl| for some y € W, (u,€) and = € T'(u)}

is independent of p. Since || f(y) — pe|| < L for any y € W,(u, €), hence, for any
y € Wa(p,€) and z € T'(p),

L= |[f(y) = pell = lf(y) = f@)]| = velly — 2|

Therefore, for any y € W, (u, €) and = € T'(p),

L
|z -yl < —.
U,

Let § = max{e, VA}, which is independent of u. Then,
Wa(ﬂ) g A(F(ﬂ)a an 6)

Thus,
Wa = U/L>0Wa(,u) - U/L>OA(F(N)a Rn7 5) - A(Fa Rna 5)

Therefore, all the almost complete n-dimensional simplices carrying only integer
labels in N are contained in A(T, R",§). Consider C(2°) N A(T', R™,§). From (5),
we know that, as u — oo, every component of x satisfying f(x) = pe approaches
infinity. It implies that C'(z") N A(T', R™,§) is bounded. The lemma follows. O

For any positive number § and any nonempty subset K C N, let
A, 6, K) ={z € G(n,K) | [lz —nl| < d}.

Lemma 5. There is a sufficiently large positive number &g satisfying that, for any
nonempty subset K C Ny, all the almost complete |K|-dimensional simplices in
G(n, K) carrying only the integer labels in K are contained in A(n, o9, K).
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Proof. Consider n+1 ¢ K. Let
DK)={ze Gn,K) | fr(z) =p, k € K, for some pu > 0}.

From the definition of G(n, K), we know that xz; — nr < 0 for any k¥ € K and
xp — i =0 for any k ¢ K. Then, for any z € G(n, K),

(@=n)"f@) =D (xx — m) fil(@).
keK
Thus, for any x € D(K),
(@—n)" f(z) <0
since fr(z) > 0 and zp — n, < 0 for any k € K. According to Lemma 2, (x —
n) " f(z) > 0 when ||z| is sufficiently large. Therefore, D(K) is bounded. Similar
to the proof in Lemma 4, one can show that, when ¢ is sufficiently large, all the

almost complete |K|-dimensional simplices in G(n, K) carrying only the integer
labels in K are contained in

A(D(K), G(n, K),6) = {z € G(n, K) | d(z, D(F)) < 6}.

The boundedness of D(K) implies that A(D(K), G(n, K), ) is bounded.
Consider n +1 € K. Let

CK)={xeG(n,K) | fr(x) =0, k€ K\{n+ 1}, and fr(x) <0, k ¢ K}.

From the definition of G(n, K), we know that, for any = € G(n, K), there are
0 < X(z) and 0 < v, (x), k € K\{n+ 1}, such that z — nr = A(z) — % (z) for any
ke K\{n+ 1} and z, — nx = A(x) for any k ¢ K. Then, for any z € G(n, K),

@=n)"flx)=" DY (@) —w@)felz) + D A@)fulz).

keEK\{n+1} kg K

Thus, for any x € C(K),

(x—n)Tf@) = 3 Aw)fiula) <0

k¢ K

since A(z) > 0 and fix(x) <0, k ¢ K. According to Lemma 2, (x —7)" f(z) > 0
when ||z|| is sufficiently large. Therefore, C(K) is bounded. Similar to the proof in
Lemma 4, one can show that, when ¢ is sufficiently large, all the almost complete
| K|-dimensional simplices in G(n, K) carrying only the integer labels in K are
contained in

The boundedness of C(K) implies that A(C(K),G(n, K),d) is bounded. The
lemma follows. O
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Lemma 6. If f(x) < 0 and f(z) # 0, then, for any 2° € P, there is some k
satisfying xp — 2 < 0.

Proof. Suppose that  — 2% > 0. Then,

al z—b;
0> (x—2°)"f(2) =icim aT—aJJaJT(JC )
a; x—b;
= jei(x) T jJ (aj x —bj +bj — ajTa:O)

A contradiction occurs. The lemma follows. O
For £ € R” and K C N, let
HE¢K)={(+z€R"|0<a;,i€K, andz; =0, i ¢ K}.

Lemma 7. If 2° is an integer point of P, then, for any K C N, every point
x € H(2°, K) carries a label of either 0 or an integer of K.

Proof. From Lemma 6, we know that no point of H(z°, K) carries integer label
n+1. Forz € H(z°,K),let \=x — 2% Then, 0< ), j € K,and \; =0, j ¢ K.
Thus, for ¢ with a;; <0 for any j € K,

ajr =aj 2% +a )

=bi+ > ek tijh
<b;.

Therefore, according to Definition 1, no point in H (2%, K) carries an integer label
in No\K. The lemma follows. O

As a direct result of Lemma 7, we obtain the following result.

Corollary 2. If 2° is an integer point of P, there is no complete n-dimensional
simplex in H(2°, N), and for any j € N, there is no complete (n — 1)-dimensional
simplex in H(2°, N\{j}) carrying all integer labels in N.

3 The Algorithm

Let 2™ denote the unique solution of max,cpe' .

max

Lemma 8. Foranyx € P,z <z
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Proof. Let z' = (z},23,---,2})7 and 2? = (22,22,---,22)T be two arbitrary
points of P. Let # = (max{zi,2?}, max{z}, 3}, -+, max{z},22})T. Let j be an
arbitrary index of M. From the assumption on P, we know that each row of A has

at most one positive entry. If a; < 0, then
T T.1
a; T <a;x <y

Consider a; with a positive entry, say aj;. Without loss of generality, assume
z; = x}. Since ajj; < 0 for any k # 4, hence,

T= - - 1 - 1 1 T.1
a; T = a;T; + E jpTr = ajT; + E ajpTr < ajT; + E ATy = a; T < b;.
k#i ki k#i

Thus, z € P.
Suppose that there is a point & € P satisfying £, > z"®* for some ¢ € N. Let

r = (max{Z, "%} max{de, v5**}, - - -, max{Z,, z™**})T. Then, z € P. Clearly,
e'z > e x™* which contradicts that e | £ = maXg;ec p e z. The lemma follows.

O

For any number «, let [«] denote the smallest integer greater than or equal to
a. We define % = (2%, x%,...,2%) " with

] e < ),

1+ [z**]  otherwise,

fori=1,2,...,n. Then, z < " for any z € P.

Applying the results in the previous section and the above results, we have
developed an arbitrary starting variable dimension algorithm for computing an
integer point of P, which is as follows.

Initialization: Let K =0, y° =10, 0g =<3° >, yt =9, p=1,and k = 0. Go
to Step 1.

Step 1: Compute I(y™). If i(y*") = 0 then the algorithm terminates, and an
integer point of P has been found. If I(y*) € K then let y~ be the vertex of
ok other than y* and carrying integer label I(y™*), and 7411 the facet of oy
opposite to y~, and go to Step 2. If I(y*) ¢ K then go to Step 3.

Step 2: If 7,41 C G(n, K\{j}) for some j € K then K = K\{j} and go to Step
4. Otherwise, do as follows: Let 041 be the unique simplex that is adjacent
to ok and has 7541 as a facet. Let y* be the vertex of ox11 opposite to Tx11
and k =k + 1. Go to Step 1.

Step 3: If |K| = n then go to Step 5. Otherwise, do as follows: Let K =
KUu{l(y")} and 741 = ok. Let ox4+1 be the unique |K|-dimensional simplex
in G(n, K) having 7,41 as a facet, and y* the vertex of ox41 opposite to
Tg+1- Let K=k + 1 and go to Step 1.



194 International Symposium on OR and Its Applications 2005

Step 4: Let o1 = Tk+1, Yy~ be the vertex of o; 41 carrying integer label j, and
Ti+2 the facet of oy41 opposite to y~. Let Kk =k + 1 and go to Step 2.

Step 5: If p is even then let p = p + 1, j be the index of Ny satisfying that
or C G(n,No\{j}), y~ the vertex of o} carrying integer label j, 741 the
facet of o, opposite to y—, and K = No\{j}, and go to Step 2. If p is odd,
do as follows: Let p = p+ 1, y~ be the vertex of o) carrying integer label
n + 1 and 7,41 the facet of o} opposite to y~. Go to Step 6.

Step 6: Let oi41 be the unique simplex that is adjacent to o and has 7,41 as a
facet, and y™ the vertex of o1 opposite to 7x11. Let k = k+ 1 and go to
Step 7.

Step 7: Compute I(y™). If I(y*) = 0 then the algorithm terminates, and an
integer point of P has been found. If % < y* then the algorithm terminates,
and there is no integer point in P. If [(y") = n + 1 then go to Step 5. If
I(yT) # n + 1 then let y~ be the vertex of o) other than y* and carrying
integer label I(y™), and 741 the facet of o) opposite to y~. Go to Step 6.

Note that the first phase (Steps 1-4) of the algorithm comes from Laan and Tal-
man’s (n+ 1)-ray algorithm ([17]). In the following we prove the finite convergence
of the algorithm.

Theorem 2. Within a finite number of iterations, the algorithm either yields an
integer point of P or proves that no such point exists.

Proof. For any positive integer u, let

A(n,p) = {z € R | [l —nl] < p}-

Lemma 5 implies that there exists some p; > 0 such that all the simplices generated
by the algorithm in Steps 1, 2, 3 and 4 are contained in A(7), 7). Lemma 4 implies
there exists some po > 0 such that all the simplices generated by the algorithm in
Steps 5, 6, and 7 are contained in A(n, u2). To show that the algorithm does not
cycle, one can simply introduces two undirected graphes in the same way as that in
[7]. Then, applying Theorem 1 and Corollary 2 and following a similar argument
to that in [7], one can readily obtain the theorem. O

The following example illustrates how the algorithm works.
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Example 1. Find an integer point of P given by

—x1 + 22 < 1/2,
x1 — a2 < 1/2,
x1 <1/2,

P={ 2= (z1,22)"

—T1 S 1/2,

$2§1/27

—X2 S 1/2

Letn=(-2,1)T, K=0,y"=n, 00 =<3y’ >, y* =9°, andp = 1.

Iteration 1: Computing l(y*), we obtain I(y*) = 2. Then l(y*) ¢ K. Let K =
KU {2} = {2}; T1 = Op; yl = (_270)T; o1 =< yoayl >, and y+ = yl =
(_27O)T

Iteration 2: Computing l(y™"), we obtain I(y*) = 2. Then l(y") = I(y°) € K.
Let o =<y >, ¢" =y, y' = (-2,-1)7, o2 =<y’,y' >, and y* =y' =
(727 71)T

Iteration 3: Computing l(y1), we obtain I(y*) = 3. Then l(y*) ¢ K. Let K =
KU {l(y+)} = {2a3}7 73 = 02, y2 = (_130)T; 03 =< y07y17y2 >, and
yt =y =(-1,0)7

Iteration 4: Computmg I(y™), we obtam l( ) = 2. Then I(yT) = I(3°) € K.

Let s =<yt 2 >, 0 =yt vt =% 2 = (-1, -1)7, o4 =< 3%, y", 92 >,
and yt =y? = (-1,-1)".

_‘

Iteration 5: Computing l(y™"), we obtam l(yt) = Then I(y ) I(y°) € K.
Let s =< y',y? >, y° =y', y' =92, y* = (0, ) ;05 =<y’,yl,y* >, and
yt=y*=(0,0)"

Iteration 6: Computing l(y"), we obtain I(y*) = 0. An integer point of P has
been found.

One may see from this example that the algorithm will never perform Steps 4, 5,
6, and 7 when n = 2. Howewver, the situation is far more complicated when n > 2.
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