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n
Abstract We consider the problem of minimizing the total late work ( ). V;) on an unbounded

batch processing machine, where V; = min{T}, p;} and Tj = max{C; —d;,0}. The batch processing
machine can process up to B (B > n) jobs simultaneously. The jobs that are processed together form
a batch, and all jobs in a batch start and complete at the same time, respectively. For a batch of jobs,
the processing time of the batch is equal to the largest processing time among the jobs in this batch.

n
In this paper, we prove that the problem 1|B > n| Y. V; is NP-hard.
j=1
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1 Introduction

The scheduling model that we study is as follows. There are n independent jobs
J1,J2,+++,J,, that have to be scheduled on an unbounded batch machine. Each job J;
(j=1,2,---,n) has a processing time p; and a due date d;. All jobs are available for pro-
cessing at time 0. The goal is to schedule the jobs without preemption on the unbounded
batch machine such that the total late work is minimized.

A batch machine is a machine that can process up to B jobs simultaneously. The jobs
that are processed together form a batch. This model is motivated by the problem of
scheduling burn-in operations for large-scale integrated circuit (IC) chips manufacturing
(see Lee et al. [1] for detail). There are two variants: the unbounded model, where
B > n; and the bounded model, where b < n. In this paper, we study the problem of
scheduling n independent jobs on an unbounded batch machine to minimize the total late
work. A schedule o is a sequence of batches 6 = (%, %>, -+ ,%Bm), where each batch
Py (k=1,--- ,m) is a set of jobs that are processed together. The processing time of batch

k
By is p(HBy) = max;,ez {p;} and its completion time is C(%y) = ¥ p(%,). Note that
g=1
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the completion time of job J; in o, foreach J; € By andk=1,--- ,m, is Cj(0) = C(%).
When there is no ambiguity, we abbreviate C;(o) to C;. The tardiness and late work of
job J; are defined as 7; = max{C; —d;,0} and V; = min{T};, p;}, respectively. Using the
n
notation of Graham et al. [2], we denote this problem as 1|B > n| Y, V.
j=1

Previous related work: The scheduling of batch processing machines is an important
research topic and has attracted a lot of attention recently ([4,5]). In [6], Brucker et
al. design a dynamic programming algorithm that solves the problem of minimizing an
arbitrary regular cost function in pseudopolynomial time. When the jobs have different
release times, there has been a lot of research work ([7,8]). As the objective is to minimize

n
the total weighted late work, Zhang and Wang (2005) [3] prove that 1|B > n| ¥ w;V; is
j=1

n
NP-hard in the ordinary sense. But it is open whether 1|B > n| ¥, V; is polynomially
j=1
solvable or binary NP-hard.

Our contribution: In this paper, we prove the binary NP-hardness of 1|B >n| ¥ V;.

j=1
This answers the open question posed in [3]. Our work’s obtaining heavily depends on the
reference [9]. As the two scheduling problems are different models (such as the different

n
objectives need different analysis) and the problem 1|B > n| ¥ V; has been considered as
j=1
very difficult by Zhang et al. [3]. It, therefore, is a different work from [9].

2 NP-hardness proof

n
In this section, we prove the NP-hardness of the problem 1|B > n| ¥, V; by areduction
j=1

from the NP-complete PARTITION problem.

11
PARTITION. Given ¢ positive integers aj,as, - -+ ,a, with Y, a; = 2B, decide if there exists
i=1
a partition of the index set {1,2,--,7} into two disjoint subsets X and ¥ such that ¥ a; =

ieX

Z a; = B.
i€y
Given an instance of PARTITION, we first define 3¢ + 1 integers

t
M, =Y (t—i)a;+ 8B,

i=1
t t

My=2 Y M+ Y (t—i)a;+8B, (k=1,2,---,t1—1)

i=k+1 i=1

t t
Li=7Y M;+ Y (t—i)a;+4B,
i=1 i=1

k—1 t t
Ly=2Y Li+7Y Mi+ Y (t—i)a;+4B, (k=2,3,--- ,2t + 1).

i=1 i=1 i=1
It is easy to get that
2B<My <M1 <--- <My <Ly <Ly<--<Lpy.

n
We define an instance / of 1|B > n| ¥ V; as follows.
j=1
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I consists of 10z + 3 jobs that are classified into 27 + 1 types. Each type 2k —1 (1 <
k <'t) contains five jobs: 121,(_1,./22,(_1,6’,{71 and two additional copies of J21k—1' Their
processing times and due dates are given by
P = Lok—1, dy =2 2 L+5):M+L2k | +M; +2B,

1—1

Py =Lu—1+My, d3_, =2 Z Li+5 ): M;,

p%k_lzLZkfl"rsza d2k 1—2 Z L+5 ZlM +2B.
l
Each type 2k (1 <k <1) also contalns five jobs: J%,J3;,J5, and two additional copies of

lek' Their processing times and due dates are given by

2k—1 k—1
e = Lo, di =2 z Li+5 ): M; + Loy +3M; + 2B,

P3 = Lok + M+ ay, dzk—ZZL +5 z M;+3My — (t —k+1)ay,

i=1

Ph=Lut2My,  dy=2 ZL +5 ¥ Mi+28.

i=1

Type 2t 41 contains three coples of job ‘12t +1 with

p%H_l :L2t+17 d2t+1 - L2t+1 +2 Z L +5 Z M +B.

tl i=1

Set the threshold value V* =2 Z M;+ Z (t—i)a;+B.

i= i=

Clearly, the construction of the instance I of 1|B > n| Z Vj takes a polynomial time under

the binary coding. Next, we show that the PARTITION 1nstance has a solution if and only
if there exists a schedule o for the corresponding instance / with V(o) < V*, where V(o)
denotes the total late work of ©.

Suppose that I has a schedule 6 = (%, %,, - ,PBy) such that V(o) < V*, where each %;
is a batch. The processing time of batch ; is denoted by p(%;). It is reasonable to require
that the processing time of each job in % is larger than p(%;); otherwise, shifting the
jobs in %, with processing times no larger than p(%;) to %; does not increase V(0).
Then, we have the following result about the schedule &

Lemma 1. (1) The jobs in each %; come from a contiguous segment of the SPT sequence,
and all B;’s are arranged in order of increasing p(%;);

(2) For each k (1 < k <2r41), all J;’s are scheduled in a batch.

Lemma 2. For the schedule o.

(1) Each batch contains only jobs of one type;

(2) For each k (1 <k <t), the jobs of types (2k — 1) and 2k are divided into four
batches: {3, ,J5 1} (B} Uit (U575} (pattern one), with total processing
time 2(L2k,1 +L2k) + 5M;;
or {1} A5 11 U da), {5} (pattern two), with total processing time
2(Log—1 + Lok + SMy +ay.

Proof. If (1) does not hold, there must exist some k (1 <k <2t + 1) such that J? and J, |
are scheduled in a batch. We consider the tardiness of job J,? ’s.



Minimizing the Total Late Work on an Unbounded Batch Machine 77

Firstly, we have that

> Pllc+l_d13:Lk+l_dI?
t
= 2ZL+7ZM+Zz—za,+4B 2ZL+SZM+2B)
i=1 i=1 i=1 i=1 i=1

2ZMi+Z(t_i)ai+2B
i=1 i=1
> V.

Note that
k—1 t

> L= ZL+7ZM+Zt—1a,+4B>V*
=1 i=

Hence, the job J,':”s late work is
VZ =min{p;, T2} > V™.

A contradiction to V*(o) < V* which implies that each batch contains only jobs of one
type.

Next, we prove (2) by induction. Firstly, we prove that (2) is true for k = 1 by proving
the following Observation a;—Observation bs.
Observation a;. All jobs of type 1 cannot be scheduled in a batch.
Proof. Suppose that the jobs J{, J? and J; are scheduled in a batch {J},J?,J;}.
Then, the total tardiness of three J!’ 1’sis

3Tl1 = 3(P%—d11)

= 3[L;+2M; — (L +M; +2B)]

= 2M;+M;—2B

= V*+B.
Note that .

t
pi=L = Z Zt—la,+4B V*42B.

We obtain

V() :min{ [V*+B],pl} = [V*+B]
So the total late work of three J 11 ’s 18

V() =V +B>V*

A contradiction to V(o) < V* which implies that the jobs of type 1 cannot be scheduled
in a batch.

Observation b;. Jobs J, J? and J; cannot be scheduled in three batches.

Proof. Suppose that the jobs J{, J7 and J; are scheduled in three batches {J] }, {J7} and
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{7}

We can easily get that the late work of job J13’s is
V(J}) = min{T?,p}} >V*+B.

A contradiction to V(o) < V*, which implies that the jobs of type 1 cannot be scheduled
in three batches.

From Observation a; and Observation b, we get that jobs J!, J? and J; must be
scheduled in two batches: {J},J3}, {73 }; or {J1}, {J?, ]} }.
Next, we show that the jobs of type 2 also must be scheduled in two batches: {121 7J22},
{53} or (). {(3.53).
Observation a;,. All jobs of type 2 cannot be scheduled in a batch.
Proof. Suppose that the jobs J1, J7 and J5 are scheduled in a batch {J3,J3,J5 }.
Then the total late work of three J3’s is

3V(J3) >V +B>V*

A contradiction to V(o) < V*, which implies that the jobs of type 2 cannot be scheduled
in a batch.

Observation b. Jobs J3, J2 and J5 cannot be scheduled in three batches.

Proof. Suppose that the jobs J}, J3 and J; are scheduled in three batches {J1}, {/3} and

{3}

Then, we also can get that the late work of job J; ’s is
V() = min{T3,p3} > V* +B.
A contradiction to V(o) < V*, which implies that the jobs of type 1 cannot be scheduled

in three batches.

From Observation a, and Observation b,, we get that jobs J1, J3 and J5 must be
scheduled in two batches: {J},J3}, {J5}; or {J1}, {J3,75}.
Observation a3. Batches {J,J7} and {J},J3} are not exist in ¢ simultaneously.
Proof. Suppose that the batches {J],J7} and {J1,J3} are both appear in the schedule ©.
Then the total tardiness of three J,’s is

3 = 3(pi+pi+pi—dy)
> V4B

Note that
py=1Ly>V*+B.

So the total late work of three J,’s is
3V(J3) >V +B>V*

A contradiction to V(o) < V*.

Observation b3. Batches {J?,J7} and {J2,J3} are not exist in o simultaneously.
Proof. Suppose that the batches {JZ,J3 } and {J3,J; } are both appear in the schedule o.
Then the total late work of J? and J3 is

VIPUR) =V +V(I =T +TE > V",
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A contradiction to V(o) < V*.
From the above Observation a;—Observation b3, the four batches of type 1 and type 2

must be
LI ARY AR B or I AT I A 33 A3

That is the conclusion (2) of Observation 2 being true for k = 1.

Secondly, we assume that the conclusion (2) of Lemma 2 is true foreachi=1,2,---k—
1. It is similar to prove that the conclusion (2) of Lemma 2 is also true for i = k, i.e., the
jobs of types (2k — 1) and 2k must be divided into the following model four batches:
{5 5 1 {8 (U375, ) with total processing time 2(Log— 1 +Log) + 5My;
or {03, _ 1 {31 51 b I3} {U5, ), with total processing time 2(Lox—1 + Log) +
5Mk +ay.

Let X be the set of indices k (1 < k <) such that the four batches of types (2k — 1)
and 2k are of pattern one. Let Y =IT\ X, where IT = {1,2,--- ,#}. A schedule with prop-
erties of Lemma 1 and Lemma 2 must contain 4 + 1 batches in the following form.

Do b A b A A5 I keXx
Bua—3, Bak—2, Bax—1, PBax) = CCTRRTRZTERY 25 UL T 25 O 8 25 U TorL 18 2 )
s Sz Fn P { Vb B L UR B0 U8, ke,

%4t+1 = {J21t+l}‘ (*)
Lemma 3. For each k € X, J22k is the only late work job in Byy_3, Bar_o, PBar—1 and
By, and its late work is 2My + (t —k+1)ax+ Y a;.Foreachk €Y, 122,(71 is the only

i<k, i€y
late work job in Byy_3, Buak—2, PBar—1 and By, and its late work is 2M + Y, a;.
i<k, i€y
The lemma can be proved by the method in [9].

Theorem 1. The problem 1|B > n| )n: V; is NP-hard.
j=1

Proof. The time it takes to construct the scheduling instance is obviously polynomial.
We show that the PARTITION has a solution if and only if there exists a schedule ¢ for
the scheduling instance I such that V(o) < V*.

First, suppose that X and Y define a solution to PARTITION. Let ¢ be the schedule
defined by (). The scheduling ¢ has properties of Lemma 1, Lemma 2 and Lemma 3.
By Lemma 3

13
= Z(ZMk+ Z a;)+ Z(t—k+l)ak+3max{0, Zak—B}.
k=1 i<kjiey kex key

Where the third term is the total late work of three lez e
As

t

kil Z a4i = Z Z ai:Z(I—i)a,'.

i<k,i€y k=i+1 i<k,icY icy
So

-2

H[V]~

t — k)ay + 3max{0, Z a — B}.
key
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Note that

Zai:Zai:B.

ieX ieY

By (2), we have

-

(t—i)a;+B=V".

13
V(e)=2) M+
i=1

i=1

Conversely, suppose that there exists a schedule ¢ with V(o) < V*. From the proof
of Lemma 1, Lemma 2 and Lemma 3, the schedule o must have properties of Lemma
1, Lemma 2 and Lemma 3. For the schedule o, let X be the set of indices k (1 <k <t)
such that the four batches of types (2k — 1) and 2k are of pattern one and ¥ = IT\ X, where

n={1,2,---,t}.
Note that
3max{0, Y ax—B}>3) a;—3B,
key key
3max{0, Z ar—B} >0.
key
By
V(o) <V*.
we have
) a<B. M
kex
Y a+3) a—3B<B. )
kex key
From (1), we get
Y a<B. 3)
key

Applying (1), 3) and Y, a; =2B, we get

keXuy
Z ay — Z aj = B.

kex key

‘Which shows that X and Y define a solution to PARTITION.
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